Abstract. We prove a sharp relative Clifford inequality for relatively special divisors on varieties fibered by curves. It generalizes the classical Clifford inequality about a single curve to a family of curves. It yields a geographical inequality for varieties of general type and Albanesefibered by curves, extending the work of Horikawa, Persson, and Xiao in dimension two to arbitrary dimensions. We also apply it to deduce a slope inequality for some arbitrary dimensional families of curves. It sheds light on the existence of a most general Cornalba-Harris-Xiao type inequality for families of curves.
Introduction
The classical Clifford inequality states that for a special divisor L on a smooth projective curve X of genus g ≥ 2, we have
Starting from this inequality is the rich theory of special divisors on algebraic curves. We refer to the reader to [1, Chapter III] for comprehensive details regarding this theory.
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The goal of this paper is to establish a relative (or family) version of (1.1). Suppose that f : X → Y is a fibration by curves of genus g ≥ 2 between two varieties X and Y , i.e., X is a relative curve over Y . In this paper, we prove a version of the Clifford inequality for numerically f -special divisors on X (see Definition 1.2). As a consequence, if Y is of maximal Albanese dimension, then for a nef and numerically f -special divisor L on X, we prove a sharp relative Clifford inequality between the f -continuous rank h 0 f (X, O X (L)) of L (see Definition 1.1) and the volume of L. As applications, we obtain (i) a geographical inequality for varieties Albanese-fibered by curves; (ii) a slope inequality for (semi-stable) families of curves over abelian varieties, toric Fano varieties, and varieties covered by one of them. Throughout this paper, we work over an algebraically closed field of characteristic zero. All varieties in this paper are assumed to be projective.
1.1. Geographical slope K n /χ: the initial motivation. Before introducing the relative Clifford inequality, we would like to introduce one of its applications to the geographical problem first. In fact, it is this application that motivates us to seek a general Clifford inequality.
The geography of varieties (usually of general type) is an important area in algebraic geometry. One central problem in this area concerns the distribution of birational invariants of varieties, with the purpose of applying it to characterize the geometry of varieties themselves.
A typical example reflecting this philosophy is the following conjecture of Reid [42] concerning the geography of surfaces of general type.
Conjecture (Reid) . For g = 2, 3, · · · , there exist rational numbers a g and b g with a 2 < a 3 < · · · and lim g→∞ a g = 4
such that for every (smooth) surface X of general type, if K 2 X ≤ a g χ(X, O X )− b g , then X has a pencil of curves of genus at most g.
The importance of this conjecture not only comes from the geography, it also implies several structural results about fundamental groups of certain surfaces (see [42] for details).
Reid's conjecture can be naturally generalized to higher dimensions. Without knowing the exact limit of a g a priori, at least it is natural to ask:
For any n > 2, does a geographical inequality K n X ≤ a g χ(X, ω X ) − b g for an n-dimensional variety X of general type imply the existence of a covering family of curves on X with the genus at most g?
Notice that questions of this type but between K n X and p g (X) have already been considered recently by J. Chen and Lai in [12, §6] for small g.
In general, understanding the bound of the geographical slope K n /χ is a very fundamental problem for algebraic varieties. The study of K 2 /χ for surfaces of general type dates back to the work of Italian school. Regarding this problem for irregular varieties, Pardini [38] proved the classical Severi inequality that K 2 X ≥ 4χ(X, ω X ) for a minimal surface X of general type and of maximal Albanese dimension. Recently, a generalized Severi inequality was obtained by Barja [5] and independently by the author [48] , which states that K n X ≥ 2n!χ(X, ω X ) for an n-dimensional minimal variety X of general type and of maximal Albanese dimension. It answers a question raised by Mendes Lopes and Pardini [33, §5.2 (c) ]. In their very recent paper [6] , Barja, Pardini and Stoppino gave more inequalities of this type for varieties of maximal Albanese dimension under various assumptions.
However, for most of the irregular varieties, the Albanese map is actually of fiber type (i.e., non-maximal Albanese dimension). From the perspective of Reid's conjecture, the lower bound of K n /χ for these varieties should be an increasing function of the geometric genus (or the canonical volume) of the Albanese fiber, but such a desired lower bound seems far from being known for any n > 2. Our first result in this paper addresses the above questions. Given any variety X, let alb X : X → A be the Albanese map of X. By the Stein factorization, the map alb X factors through a fibration f : X → Y with Y normal. We call f the fibration induced by the Albanese map of X. A fiber of f is called an Albanese fiber. Theorem 1.1. Let X be an n-dimensional minimal variety of general type.
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Suppose that the Albanese map of X induces a fibration of curves of genus g ≥ 2. Then
χ(X, ω X ).
In particular, if g ≥ n, we have K n X ≥ n!χ(X, ω X ). The surface case (i.e., n = 2) of Theorem 1.1 is already known. Horikawa [ for minimal surfaces with hyperelliptic Albanese fibrations of genus g ≥ 2.
For general fibrations, (1.2) is due the work of Xiao [46, Theorem 2] . In particular, their results have verified Reid's conjecture for irregular surfaces (e.g., taking a g = 4g g+1 and b g = 1). On the other hand, although not satisfying the exact assumption, Theorem 1.1 still makes sense when X is a curve of genus g ≥ 2 (i.e., n = 1), which says that deg K X ≥ 2χ(X, ω X ).
A notable fact is that the geographical slope in Theorem 1.1 also has the same limiting behavior as in (1.2): for a fixed integer n ≥ 2, the coefficients in Theorem 1.1 form an increasing sequence indexed by g, and we also have lim g→∞ 2n! g − 1 g + n − 2 = 2n! in which the limit 2n! appears in the generalized Severi inequality. This is more than a coincidence. In fact, such a phenomenon has appeared already in Reid's conjecture for surfaces where the limit is 4 = 2 · 2!. 3 From this 1 See [33] for a survey of results for n = 2 as well [43, 44] for some recent results. 2 Throughout this paper, we refer the reader to Section 1.6.1 for the notion of minimality. 3 A similar asymptoticity for relative canonical divisors (namely K 2 X/P 1 / deg(f * ω X/P 1 )) is very crucial in Pardini's proof of the classical Severi inequality in [38] .
point of view, Theorem 1.1 suggests that it is likely that a correct limit of a g in the aforementioned Reid's type question is 2n! for any n ≥ 2, and Theorem 1.1 has confirmed this when the variety carries an Albanese pencil of curves.
Previously, few results in this direction were known. Under the same assumption but further assuming X is Gorenstein, Barja [5, Theorem 4.1 and Remark 4.5] proved that K n X ≥ 2(n−1)!χ(X, ω X ). 4 His result is implied by Theorem 1.1, because 2n! g−1 g+n−2
(1) If X is of maximal Albanese dimension, then
(2) If X has Albanese dimension two with general Albanese fiber F a smooth curve of genus g ≥ 2, then
g − 1 g + 1 χ(X, ω X ) = 12 vol(K F ) vol(K F ) + 4 χ(X, ω X ).
(3) If X has Albanese dimension one with general Albanese fiber F a smooth surface such that (p g (F ), K 2 F ) = (2, 1), then
Moreover, if X is Gorenstein, then the inequality in (3) also holds when (p g (F ), K 2 F ) = (2, 1). Theorem 1.1 contributes to (2) here. (1) is simply from the generalized Severi inequality (the n = 3 case of [5, Corollary B] It is natural to ask whether there is, in any dimension n > 3, a similar result as Theorem 1.2 about K n /χ for n-dimensional irregular varieties (of general type) of any given Albanese dimension that depends on the volume (or other birational invariants) of the corresponding Albanese fibers. We refer the reader to Question 11.1 for an explicit description of our expectation.
1.2.
Relative Clifford inequality. It turns out that Theorem 1.1 is just a special case of a more general result of this type for relatively special divisors which we will call the relative Clifford inequality in the following. Before stating it, we first introduce some definitions. Definition 1.1. Let f : X → Y be a morphism between two normal varieties X and Y . For any divisor L on X, we define the f -continuous rank of L to be
The definition here is a relative version of the usual continuous linear series known as the form
The study of this continuous linear series dates back to the work of Mumford [36] and Kempf [30] on abelian varieties. For general irregular varieties, various properties of the continuous linear series have been intensively studied in the work of Pareschi and Popa [39, 40] , Mendes Lopes, Pardini and Pirola [34, 35] , and Barja [5] during the past decades. Just to name a few.
In fact, the notion here is compatible with all known ones. For any normal variety X, we may let f be the structure morphism of X (i.e., the morphism from X to the spectrum of the base field). For this particular f , we simply In the following, let f : X → Y be a fibration between two normal varieties X and Y with general fiber C a smooth curve of genus g ≥ 2.
It is called numerically f -special, if both L| C and K C − L| C are pseudo-effective.
The f -special divisor is a natural generalization of the classical special divisor. When dim X = 1 and f is the structure morphism of X (i.e., Y is a point), f -special just means special.
It is clear that an f -special divisor is also numerical f -special. Notice that the assumption on L in Definition 1.2 guarantees that deg(L| C ) is an integer, because a general C lies in the smooth locus of X. Now we state the relative Clifford inequality. Theorem 1.3. Let f : X → Y be a fibration between two normal varieties X and Y with general fiber C a smooth curve of genus g ≥ 2.
Assume that dim X = n ≥ 2 and that Y is of maximal Albanese dimension. Let L be a nef and numerically f -special divisor on
Here f denotes the structure morphism of X, which is exactly of relative dimension one. This is the reason why we call Theorem 1.3 a relative Clifford inequality as it concerns a relative curve as well as relatively special divisors on it. In fact, these two inequalities above are of the same type. We could just literally take n = 1 and ε = 0 in Theorem 1.3 to get (1.1). Moreover, Theorem 1.3 for L = K X implies Theorem 1.1. Before going further, we want to illustrate the necessity of all assumptions in Theorem 1.3 by the following remarks, because these assumptions reflect the significant differences when dealing with a relative curve rather than an absolute curve. Moreover, we emphasize here that the assumptions are probably the weakest ones in order to guarantee the inequality in Theorem 1.3. Remark 1.4. The assumption that d > 0 is indispensable for obtaining Theorem 1.3 (not merely because d appears on the denominator). Actually, consider the trivial fibration f : A × C → A, where A is an abelian variety of dimension n − 1, and C is a smooth curve of genus g ≥ 2. If we choose L = f * H for an ample divisor H on A, then L is nef, f -special and L n = 0. However, it is fairly easy to see that
In other words, when d = 0, unlike the classical Clifford inequality (1.1), there is no way to bound h 0 f (X, O X (L)) from above just by L n and a certain absolute constant independent on L.
Remark 1.5. It is impossible to take ε = 1 in all cases, especially when C is hyperelliptic and d is odd. In Section 9.3, for any odd integer 1 ≤ d < 2g −2, we construct a hyperelliptic surface fibration f : X → A and a nef and fspecial divisor L on X with d = deg(L| C ) and
We also construct examples in any dimension n ≥ 2 suggesting that we have to allow ε = 1 2 at least when d = 1. In other words, Theorem 1.3 is sharp for d = 1 in any dimension n ≥ 2. Remark 1.6. We may wonder whether the nefness assumption on L in Theorem 1.3 could be removed (while replacing L n by vol(L)). The answer is no. In Section 9.4, for any n ≥ 2 we construct a fibration f : X → A from a smooth variety X of dimension n to an abelian variety A of dimension n − 1 with general fiber C a smooth curve of genus g ≥ 2 such that for any 2 ≤ d ≤ 2g − 2, there exists an f -special and non-nef divisor L on X with deg(
In contrast to this remark is a very recent paper [6] by Barja, Pardini and Stoppino about the Clifford-Severi type inequality for line bundles on varieties of maximal Albanese dimension, in which the nefness assumption on the line bundle L is removed without weakening the result in their previous work (such as [5] ). As we have seen, we cannot expect the similar phenomenon any more as long as the variety is not of maximal Albanese dimension. This phenomenon somehow indicates that dealing with fiber type Albanese maps is more subtle than generically finite ones.
From Remark 1.5, we know that Theorem 1.3 for d = 1 is already sharp. Actually, we also consider the general case when d > 1 and prove the following:
The above inequality is sharp. Suppose that the equality holds for L and that h 0 f (X, O X (L)) > 0 (or equivalently, L is big). Then d = 2 and Y is birational to an abelian variety of dimension n − 1.
Under a stronger assumption that L is nef, subcanonical (i.e., K X − L is pseudo-effective) with its continuous moving part being f -big (which we will mention later), Corollary 1.4 (i) was proved by Barja in [5, Main Theorem (b) ]. Here the inequality is just a simple consequence of Theorem 1.3, and it holds in a much broader setting than [5] . More than the inequality itself, in Section 9.3, we construct examples of (X, L) in any dimension for which this inequality becomes an equality. Moreover, we also give a characterization of the equality case. Remark 1.7. It is well-known that if the equality in (1.1) holds (so d is even) and O X (L) ≇ O X or ω X , then X must be a hyperelliptic curve. However, this is no longer true under the relative setting. A simple example is a surface fibration f : X → E from a smooth surface X to an elliptic curve E with a non-hyperelliptic general fiber C as well as a section D with D 2 = −e < 0. Such an example can be constructed either by blowing up the product C ×E or by using a high degree (> 2) cover over a ruled surface over E. Consider the divisor L = 2D+2eC on X. It is easy to check that L is nef and f -special,
. Notice that if we use the blowing up of C × E in the above, then K X is not big. Hence K X − L is not pseudo-effective. Moreover, the continuous moving part is not f -big. So it violates the assumption in [5, Main Theorem (b) ]. Nevertheless, Theorem 1.3 can apply.
1.3. Slope inequality for families of curves. In this subsection, we introduce another application of the relative Clifford inequality to establishing a Cornalba-Harris-Xiao type inequality for higher dimensional families of curves.
An important invariant in the study of families of curves is the slope. For a relatively minimal (non-isotrivial) surface fibration f : X → Y of curves of genus g ≥ 2, the slope is defined to be
A fundamental result about the slope is the so-called slope inequality, g , i.e.,
We refer the reader to [2, Chapter XIV] as well as all references therein for details regarding this inequality. In [50] , using a characteristic p > 0 method, the author managed to prove a slope inequality for relatively minimal 3-fold fibrations f : X → Y of curves of genus g ≥ 2 which asserts that
Moreover, a question [50, Question in §1] was proposed: for m ≥ 2, does there exist a general Cornalba-Harris-Xiao inequality for m-dimensional families of curves f :
As another main result of this paper, we give the first evidence to the existence of such a general inequality for arbitrary dimensional families of curves of genus g ≥ 2.
6 There is another generalization of the slope inequality with one dimensional bases and high dimensional fibers: inspired by [15] , Barja and Stoppino made a conjecture [3, Page 36, Conjecture 1] on a slope inequality of similar type for families of higher dimensional varieties over curves, which we will address in a forthcoming paper [28] . Theorem 1.5. Let f : X → Y be a semi-stable fibration of curves of genus g ≥ 2 from a normal variety X of dimension n ≥ 2 to a smooth variety Y of dimension n − 1. Suppose that K X/Y is nef. Then the inequality
holds if there is a finite morphism Z → Y where Z is either an abelian variety or a smooth toric Fano variety. Moreover, if Y itself is an abelian variety, then the semi-stability assumption on f can be removed.
Here by semi-stability we mean that each fiber of f is semi-stable in the sense of Deligne and Mumford.
We may view abelian varieties and toric Fano varieties as higher dimensional generalizations of elliptic curves and P 1 in the dynamical sense. There are some classification results about what the varieties Y and Z in Theorem 1.5 can possibly be. Notably, Y does not have to be of maximal Albanese dimension. For example, Y can be P n−1 , certain blow-up of P n−1 , the product of P m and any abelian variety of dimension n − m − 1, etc. We refer the reader to [17, 29, 18] for details about varieties that can be covered by abelian varieties, and to [7, 8, 32] about toric Fano varieties in lower dimensions.
Another notable fact is that in the proof of Theorem 1.5, we actually discover that ch n−1 (f * ω X/Y ) ≥ 0. It can be viewed as an analogue of the semi-positivity result by Fujita [21] that deg(f * ω X/Y ) ≥ 0 when Y is a curve.
1.4. Idea the proof. In this subsection, we sketch the proofs of the above theorems. The whole proof is based on a new tree-like filtration for nef divisors which is the main innovative technique of this paper. Roughly speaking, it is via this filtration that we deduce an explicit Clifford-type inequality, i.e., Theorem 1.6, for nef divisors on varieties fibered by curves over arbitrary base varieties. Then each of the main results is a limit version of Theorem 1.6 in the corresponding setting.
1.4.1. Tree-like filtration. Let f : X → Y be a fibration of curves between two normal varieties X and Y , where dim X = n ≥ 2. Pick a base-point-free linear system |H| on Y with H big. Let L be a nef divisor on X. Replacing X by an appropriate blowing up induced by a pencil in |H|, we may assume that X is in the meantime fibered over a curve with a general fiber X 1 . Then by Theorem 2.1, we obtain a filtration of nef divisors
on X. Notice that X 1 is vertical with respect to f . Hence X 1 is also fibered by curves. By Theorem 2.1, we can get a similar filtration for each L i | X 1 by modifying X 1 accordingly. Keep doing this until we reach a fibered surface X n−2 . The whole process gives rise to a number of varieties (X =)X 0 , X 1 , · · · , X n−2 as well as a tree-like filtration for L associated to these varieties as follows:
Here each L i 1 ···im (1 ≤ m ≤ n − 1) that appears as a node in the above tree is a nef divisor on X m−1 . We refer the reader to Section 3 for more details.
1.4.2. Key estimate. In this paper, we use the above tree-like filtration to study the relation between h 0 (X, O X (L)) and L n . In fact, for a nef divisor L on X, from the above tree-like filtration we can get the following number
is the smallest integer that is bigger than the nef threshold of L i 1 ···im with respect to π m−1 , where π m−1 is the fibration from X m−1 to a curve (see Section 1.6.2 for the precise definition). The number in (1.3) is the whole key to us, because it offers a crucial link between h 0 (X, O X (L)) and L n . In particular, bounding (1.3) in different directions leads to the following explicit estimate: Theorem 1.6 (Clifford inequality over an arbitrary base). Let f : X → Y be a fibration between two normal varieties X and Y with dim X = n ≥ 2 and with general fiber C a smooth curve of genus g ≥ 2. Fix a base-pointfree linear system |H| on Y with H n−1 > 0. Let L be a nef and numerically f -special divisor on X with d = deg(L| C ) > 0. Then one of the following results holds:
(1) We have
.
where X ′ = f * H is viewed as a subvariety of X.
We refer the reader to Definition 4.1 in Section 4.2 for the concrete expression of B m (X, H, L). In one word, this theorem says that either we can almost get the desired comparison between h 0 (X, O X (L)) and L n on X, or we can reduce the question to a variety of lower dimension.
1.4.3. Proof of main results. As we have mentioned, all proofs of main results are heavily based on Theorem 1.6. For the proof of Theorem 1.3, we adopt the idea of Pardini [38] to constructétale covers X [k] of X via the multiplication-by-k map of the Albanese variety of Y . We are able to show that Theorem 1.3 is in fact a limit version of Theorem 1.6 on all X [k] . By the generic vanishing theorem of Green-Lazarsfeld [22] , we can show that
when the Albanese map of X induces a fibration of curves. Hence Theorem 1.1 can be proved.
To prove of the slope inequality in Theorem 1.5, we may just reduce to the case when Z = Y via a base change. Let us first assume that Y itself is a toric Fano variety. Then we apply the nontrivial polarized endomorphism of Y to construct a family of fibrations
With the help of Kollár's vanishing theorem [31] on
show that Theorem 1.5 is another limit version of Theorem 1.6. When Y is an abelian variety, the result is more or less equivalent to Theorem 1.3.
Remark 1.8. It is impossible to prove Theorem 1.5 directly using Theorem 1.3 or some related methods about irregular varieties. For example, most toric Fano varieties cannot be covered by abelian varieties (except in dimension one), and this already prevents us from transferring the slope inequality over toric Fano varieties to that over abelian varieties via base changes. From this point of view, Theorem 1.6 is useful in its own right, because not only for irregular varieties, it applies also to some problems which actually involves no irregular varieties.
1.5.
Comparison with other methods. In [48] , the author studied the canonical volume of varieties of maximal Albanese dimension. The method therein may apply to the current setting, but it is too weak to give results like Theorem 1.1, even in the Gorenstein 3-fold case (see [49] for example, where the result is much weaker than here).
In [5] , Barja introduced an interesting method to study the lower bound of the volume of nef line bundles on irregular varieties. Let a : X → A be a morphism from a projective variety X of dimension n to an abelian variety A. For any nef line bundle L on X, Barja considered the so-called continuous moving part M of L, with properties that L − M is effective and
to a lower bound of M n , by assuming the a-bigness of M and the subcanonicity of L.
However, it can happen that M is not a-big even if L itself is big, and Barja [5, Remark 3.8] has observed this when dim X − dim a(X) ≥ 2. We discover that even if the relative dimension is one (which is our main interest in this paper), this still happens. See Remark 9.4. Second, in order to get [5, Main Theorem (b) ], the method of Barja requires a very strong assumption that K X − L is pseudo-effective. A priori, K X has to be big (i.e., X is of general type), otherwise L n = h 0 a (X, L) = 0 and the result loc. cit. becomes vacuous. While our method in the current paper only requires a relative assumption that K C − L| C is pseudo-effective. This is a much weaker one.
Aside from the above, the most significant difference between our method in the current paper and the methods in [5] or [49] lies in the following. Say L = K X for simplicity. When the Albanese dimension of X is k, the key estimate used by Barja is as follows: 
, is also crucial in [49] . In the case when k = n, this estimate is good enough to get a sharp bound after combining Pardini's limiting method [38] . However, Theorem 1.6 (together with the continuation of the current paper which is being written) reveals that when k < n, the main term is actually much larger than exhibited in (1.4). In particular, the leading coefficient increasingly tends to 2(k + 1)!. This very important feature has not been detected before via the methods in either [5] or [49] , but the method via the tree-like filtration does capture it! This is the reason why results in this paper are sharper than the aforementioned ones. It is just due to this sharper result that we are able to give the characterization in Corollary 1.4 (ii).
We expect that the method introduced in this paper can play a similar role when studying fibrations over high dimensional varieties as what Xiao's method [46] does for fibrations over curves. Notice that Xiao's method has already been applied further to study families of higher dimensional varieties over curves (e.g., [37, 4, 3] ), geographical problems (e.g., [38, 5] ), and even some conjectures of arithmetic background (e.g., [13] ).
Notation and Conventions.
The following notation and conventions will be used throughout this paper.
1.6.1. Minimality. We say that a variety X is minimal, if X is normal with at worst terminal singularities, and K X is a nef Q-Cartier Weil divisor (i.e., X being Q-Gorenstein). We say that a normal variety X is of general type, if K X is big.
Fibration and nef threshold.
A fibration in this paper always means a surjective morphism with connected fibers. Let f : X → B be a fibration over a smooth curve B with a general fiber F . For any nef divisor L on X, the nef threshold of L with respect to f refers to the following real number nt f (L) := sup{a ∈ R|L − aF is nef}.
In the above setting, we write
This slightly bigger number is always integral and was introduced in [47, 48] .
1.6.3. Divisor and line bundle. In this paper, we do not distinguish integral divisors and line bundles on smooth varieties. In particular, if L is an integral divisor on a smooth variety V , then sometimes we denote
If C is a smooth hyperelliptic curve, we use g 1 2 to denote an effective divisor D on C with deg(D) = 2 and h 0 (C, D) = 2.
1.6.4. Horizontal and vertical divisor. Let f : X → Y be a fibration between two varieties X and Y . Let D be a prime divisor on X. We say that D is horizontal (resp. vertical) with respect to
In general, a (Q-)divisor D on X is horizontal (resp. vertical) with respect to f if D is a (Q-)linear combination of prime divisors that are horizontal (resp. vertical) with respect to f . For any Q-divisor D on X, we can uniquely write
where D H (resp. D V ) is horizontal (resp. vertical) with respect to f . We call D H (resp. D V ) the horizontal (resp. vertical) part of D with respect to f .
1.7. Structure of the paper. This paper is organized as follows. From Section 2 to Section 4, we focus on the construction of the tree-like filtration for nef divisors on varieties fibered by curves. Furthermore, we deduce a number of numerical inequalities which will serve for the proof of Theorem 1.6. The proof of Theorem 1.6 will be presented in Section 5 and 6. Proofs of Theorem 1.3, 1.1 and 1.5 are presented in Section 8. In Section 9, we give several interesting examples. Those examples will explain more explicitly all remarks we have made before. Corollary 1.4 will be proved in Section 10. Finally, we raise a question of Reid's type about irregular varieties of non-maximal Albanese dimension in Section 11.
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Nef divisor on varieties fibered over curves
In this section, we assume that f : X → B is a fibration from a smooth variety X of dimension n to a smooth curve B with a general fiber F . Let L ≥ 0 be a nef divisor on X. Recall that we have the following theorem which is just a slightly simpler reformulation of [48, Theorem 2.3] . 
on X L with the following properties:
• For any i = 0, · · · , N − 1, there is a decomposition
Briefly speaking, we obtain from the above theorem a filtration
For simplicity, we still denote by F a general fiber of f L : X L → B in the rest of this section.
Proposition 2.2. We have the following inequality:
Proof. See [48, Proposition 2.6 (1)].
. In the following, let P be any nef Q-divisor on X and denote P 0 = σ * P . Proposition 2.3. We have the following numerical inequalities:
Here and in the rest of the paper, we will always use the following inequality: if A1, · · · , An, B1, · · · , Bn are nef divisors and Bi − Ai is pseudo-effective for any i, then
Sum over all above i, and notice that (L ′ N ) n ≥ 0 and
Thus the proof of (1) is completed. The proof of (2) goes in a similar way. We sketch it here. In fact, we can deduce that
for any 0 ≤ i ≤ N − 1 using a computation very similar to the above. On the other hand,
Thus the proof of (2) is completed.
Tree-like filtration for nef divisors on varieties fibered by curves
In this section, our goal is to construct the tree-like filtration for nef divisors on varieties fibered by curves.
3.1. Initial data. Let f : X → Y be a fibration from a smooth variety X of dimension n to a smooth variety Y of dimension n − 1 with general fiber C being smooth. We fix a smooth divisor H on Y such that
• |H| is base point free;
• H is also big, i.e., H n−1 > 0. This is guaranteed by Bertini's theorem. Throughout this section, we assume that L is an effective and nef divisor on X.
3.2. First step. Choose a very general pencil in |H|. LetỸ 0 be the blowing up of the indeterminacies of this pencil, and letX 0 = X × YỸ0 . HereX 0 is indeed the blowing up of the indeterminacies of the pullback of the above pencil. From this process we obtain a tower of fibrations
where a general fiber X 1 of π 0 is isomorphic to f * H. Write Y 1 = f 0 (X 1 ). According to Theorem 2.1, after replacingX 0 by an appropriate blowing up, there is a filtration of nef divisors
onX 0 satisfying the conditions therein. Here L 0 denotes the pullback of L via the above sequence of blow-upsX 0 → X. We also denote byH 0 the pullback of
. Now we do the same operation for the fibration f 0 | X 1 : X 1 → Y 1 as in §3.2. By abuse of the notation, C still denotes a general fiber of f 0 | X 1 .
Under the above notation, we write
Choose a very general pencil in |H 1 |. Similar to §3.2, letỸ 1 be the blowing up of the indeterminacies of this pencil, and letX 1 = X 1 × Y 1Ỹ 1 . Then we obtain another tower of fibrationsX
where a general fiber X 2 of π 1 is isomorphic to f * 1 H 1 . Apply Theorem 2.1 again. We know that after replacingX 1 by an appropriate blowing up, for any 0 ≤ i 1 ≤ N , there is a filtration of nef divisors
Similar to the above, letH 1 be the pullback of
, and we can keep doing the operation as in §3.2 repeatedly. Since dimX i = n − i < dimX i−1 , the whole process must terminate. Finally, we obtain n − 2 towers of fibrations
3.5. The last step. Notice that dimỸ n−3 = 2, i.e.,Ỹ n−3 is a fibered surfaces over P 1 whose general fiber Y n−2 is isomorphic to H n−3 . Let X n−2 = f * n−3 Y n−2 . Therefore, we have the last fibration being
and this is a surface fibration. Recall that from the whole process, we also obtain a bunch of nef divisors L i 1 i 2 ···i n−2 onX n−3 . Since the number of these nef divisors is finite, by Theorem 2.1, replacingX n−2 = X n−2 by an appropriate common blowing up, we may assume that for any multi-index
onX n−2 which is similar to all the above. Here L α0 denotes the pullback of L α via the (composition of) morphismX n−2 →X n−3 . By abuse of the notation, C still denotes a general fiber of π n−2 . Sometimes we denote X n−1 = C in order to keep the coherence with the notation in this section.
3.6. Summarization. Before we go further, let us stop here and summarize the data obtained from the whole process. As we have said before, the whole process gives rise to n − 2 towers of fibrations π 0 , · · · , π n−3 plus a surface fibration π n−2 . From those fibrations we obtain a tree-like filtration as follows:
More importantly, it gives rise to a set of nef thresholds
···im is a nef divisor onX m−1 . All above notation in this section will be used throughout this paper.
More inequalities
In this section, based on the tree-like filtration constructed in Section 3, we prove some inequalities which will be used to prove the main results. 4.1. Numerical inequalities from horizontal base loci. Let f : X → Y and L be as in Section 3.1. According to Theorem 2.1 and Section 3.2, we obtain a tower of fibrationsX
with X 1 as a general fiber of π 0 . This gives a filtration of nef divisors
as well as a set of base loci {Z 1 , · · · , Z N } onX 0 . Recall that f 0 is a fibration of curves with a general fiber C. Let 1 ≤ λ 1 < · · · < λ q ≤ N be all indices such that Z λ j has a nonzero horizontal part with respect to f 0 , i.e.,
In the following, we write Z H λ j as the horizontal part of Z λ j with respect to f 0 (see Section 1.6.4 for the definition). We also set λ 0 = 0 and λ q+1 = N + 1. 
for any 0 ≤ j ≤ q. In particular,
Proof. It is easy to see that the first inequality implies the second one as
. Moreover, the result is trivial if λ j+1 − 1 = λ j . Thus in the following, we may assume that λ j+1 − 1 > λ j . Notice that under this assumption, we only need to prove that
The key point here is that for λ j < i ≤ λ j+1 − 1, Z i intersects with D properly as Z i is vertical with respect to f 0 . As a result, for such i, we deduce from (2.1) that
Inductively, we obtain that
Thus the whole proof is completed.
Proposition 4.2. Let the notation be as above. Then
Proof. We have the following filtration of nef divisors
Moreover, using the same proof as for Proposition 2.3 (1), we deduce that
Hence the proof is completed.
Estimating nef thresholds.
We need another nef divisor to estimate all nef thresholds that appear during the construction of the tree-like filtration in Section 3. In this subsection, we will freely use all notation in Section 3. Let P ≥ L be a nef Q-divisor on X such that deg(P | C ) > 0. Write P 0 = P and denote by P m andP m the pullback of P via the morphism X m → X and X m → X respectively for any 0 ≤ m ≤ n − 1. Then we have the following easy result. 
Proof. This holds simply because according to the construction in Section 3, Y m is isomorphic the complete intersection of m general sections in |H|.
We also have the following easy result. Proposition 4.5. Suppose that P − f * H is pseudo-effective. Then
In the rest of this subsection, we always assume that P − f * H is pseudoeffective.
Lemma 4.6. We have
Notice thatP 0 ≥ L 0 and L ′ N is nef. Thus by Proposition 4.3,
Hence the first and the second inequality hold. The third one holds because P n−1 1 = P n−1 (f * H) ≤ P n by Proposition 4.5.
From Proposition 4.3 and 4.4, it is easy to see that
This invariant is crucial to us in order to give the explicit error term appearing in the general relative Clifford inequality such as Theorem 1.6.
Before moving to the next section, we would like to add a few remarks here. First, it is easy to check from the definition that B 1 (X, H, P ) = 1 when n = 2. The reason is that in this case, X is a fibered surface and X 1 is a general fiber which is exactly C (see Section 3.5).
Second, for any 1 ≤ m ≤ n − 2, we can similarly define
for the restricted triple (X 1 , H 1 , P 1 ). This notion will be used when we prove the main result using induction. The following proposition is need in the next section.
Proposition 4.7. For any 1 ≤ m ≤ n − 2, we have
Proof. The first inequality is due to Lemma 4.6. The second identity simply follows from the definition and that deg(P | C ) = deg(P 1 | C ).
A Clifford type inequality with error terms
In this section, we assume that f : X → Y , C and H are the same as in Section 3.1. LetP ≥ 0 be a nef Q-divisor on X such that •P − f * H is pseudo-effective;
•P is numerically f -special with d = deg(P | C ) > 0.
Let P ≤P be any nef Q-divisor on X with P | C =P | C . Let L ≤ P be a nef divisor on X such that |L| is base point free. Therefore, L is also numerically f -special. All these assumptions will be used throughout this section. The following theorem is the main result in this section.
Theorem 5.1. Let the notation be as above and fix a divisor H as in Section 3.1. Then we have
Here
The number B m (X, H,P ) (m = 1, · · · , n − 1) here is the same as before. The whole section is devoted to the proof of this theorem. From now on, H is fixed. Associated to H is a set of nef thresholds a i 1 ···im as in Section 3.6, which we will keep using throughout this section.
Remark
, then P | C is also special, i.e., P is f -special.
5.1.
Comparison between h 0 (X, L) and L n . In this subsection, we will compare h 0 (X, L) and L n together with other terms.
5.1.1. Hyperelliptic case. We first consider the case when C is hyperelliptic.
Proposition 5.2. Suppose that C is hyperelliptic and L is f -special. Let D ≥ 0 be a horizontal Q-divisor on X with respect to f such that deg(D| C ) > 0 and D + L ≤ P . Then for any integer n 0 ≥ n, we have
Here ε = 1 2 when deg(D| C ) = 1, and ε = 1 otherwise. Proof. The proof is by induction. We first consider the case when n = 2, and thus n 0 ≥ 2. By [50, Theorem 3.4 (1), (3)], we have
where B 1 (X, H,P ) = 1. Thus the proof for n = 2 is completed.
In the following, we assume that Proposition 5.2 holds up to dimension n−1. Suppose now that dim X = n. Then n 0 ≥ n. As is described in Section 3, by an appropriate blowing up of X, we obtain a tower of fibrations 
Let P 1 andP 1 denote the pullback of P andP via the morphism X 1 → X. Let H 1 denote the pull back of H via the morphism Y 1 → Y . Then it is easy to check that
Moreover, for each i 1 , we have
For any i 1 ≥ λ 1 , we may assume that λ j ≤ i 1 ≤ λ j+1 − 1 for some 1 ≤ j ≤ q. By the induction assumption and using the fact that deg(Z H λ j | C ) ≥ 2, we know that
LetD 0 be the pullback of D viaX 0 → X. ThenD 0 is also horizontal with respect to f 0 . By our assumption on D, we have deg(D 0 | C ) > 0. Similar to the above, we deduce that for any i 1 < λ 1 ,
On the other hand, notice that L 0 = L ′ 0 + (a 0 − 1)X 1 . By Proposition 4.1, we also have
0D 0 and in any case we have n − 1 n ≤ n 0 − ε n 0 .
Combine (5.1), (5.2), (5.3) and (5.4) together. Thus it follows that
The above inequality about Err(X, H, L) is from Proposition 4.7. Hence the whole proof is completed.
A slight modification of the above proof will give the following result.
Proposition 5.3. Suppose that C is hyperelliptic and L is not f -special. Then for any integer n 0 ≥ n, we have
Proof. The proof is also by induction. When n = 2, this result has been proved in [47, Page 101-102, Section 2.3] where the authors proved a slightly stronger result that
For general n, we adopt the same notation as in the proof of Proposition 5.2. Moreover, since L is not f -special, there is an integer 0 < µ ≤ N + 1 such that for any 0 ≤ i 1 < µ, the divisor L i 1 is not f 0 -special. This implies that µ = λ j 0 for some 1 ≤ j 0 ≤ q + 1.
Notice that (5.1) also holds here. If
Thus by induction, we have
Similar as before, we assume that λ j ≤ i 1 ≤ λ j+1 − 1 for some 1 ≤ j ≤ q + 1. Then we claim that (5.2) holds here. Actually, we only need to show that deg(Z H λ j | C ) ≥ 2. This is true when
With (5.1), (5.2) and (5.5), the rest argument can be proceeded identically as in the proof of Proposition 5.2. Hence the proof is completed.
Non-hyperelliptic case.
Here we assume that C is non-hyperelliptic.
Proposition 5.4. Suppose that C is non-hyperelliptic and deg(L| C ) = 0. Let D ≥ 0 be a horizontal Q-divisor on X with respect to f such that deg(D| C ) > 0 and D + L ≤ P . Then for any integer n 0 ≥ n, the inequality in Proposition 5.2 also holds.
Proof. The proof here is similar as before. The only difference is that here L n = 0. However, it does not affect the whole proof. For example, when n = 2, we have n 0 ≥ 2. By [50, Theorem 3.4 (1)] and a similar argument to the proof of Proposition 5.2, we obtain
For general n, the proof is based on exactly the same argument involving (5.1), (5.3) and (5.4). We omit the proof here and leave it to the interested reader.
Proposition 5.5. Suppose that C is non-hyperelliptic and 0 < deg(L| C ) < d. Then for any integer n 0 ≥ n, we have
As we assume in this section that |L| is base point free and g ≥ 2, the inequality 0 < deg(L| C ) < d actually implies that 2 ≤ deg(L| C ) < d.
Proof. Since the proof here is very similar to that of Proposition 5.2, we sketch it here and only emphasize the differences. We also use the notation in Section 4.1.
When n = 2, n 0 ≥ 2. By [50, Theorem 3.4 (4)], when L is f -special, we have
Notice that the proof of [50, Theorem 3.4 (4)] actually applies to the case when L is numerically f -special verbatim, and the same result still holds. For general n, we follow the same notation as in the proof of Proposition 5.2. The inequality (5.1) still holds here. If deg(L i 1 | C ) > 0, by induction, we obtain that
in this case. By Proposition 5.4, we deduce that
in exactly the same way as for (5.2). Then the proof can be completed via a similar way to that of Proposition 5.2.
5.2.
Estimate of P L n−1 . In this subsection, we mainly consider the estimate of P L n−1 .
Proposition 5.6. Let the notation be as before. Then we have
Proof. The proof is by induction. When n = 2, the corresponding result in this case is just Lemma 4.6. In the following, we assume that Proposition 5.6 holds up to dimension n − 1. Suppose that dim X = n. Resume the notation in Section 3.2 once again. Let H 1 , P 1 andP 1 be the same as in the proof of Proposition 5.2. Then by Proposition 2.3 (2),
By the induction assumption,
Combine the above two inequalities, and it follows that
Using the estimate at the end of the proof of Proposition 5.2 once again, we deduce that
Thus the proof is completed.
5.3.
Proof of Theorem 5.1. We first remind of Theorem 5.1 here for the convenience of the reader.
Theorem 5.7 (Theorem 5.1). Let the notation be as above. We have
Proof. We divide the proof into two cases with respect to deg(L| C ).
Case 1: deg(L| C ) < d. The result in this case is a combination of the previous results.
First, let us assume that C is hyperelliptic. As deg(L| C ) < d, we deduce that deg ((P − L)| C ) > 0. Let D be the horizontal part of P −L with respect to f . By Proposition 5.2, 5.3 (taking n 0 = n) and 5.6, it follows that
Second, assume that C is non-hyperelliptic. If deg(L| C ) = 0, then by Proposition 5.4 (taking n 0 = n) and 5.6, the above proof applies here verbatim. If deg(L| C ) > 0, then by Proposition 5.5 and 5.6, similar to the above, we obtain that 
Since L 2 ≤ P L, the result for n = 2 is verified. In the following, we assume that Theorem 5.1 for deg(L| C ) = d is true up to dimension n − 1. Suppose that dim X = n. Resume the notation in Section 3 and Section 4.1. Then (5.1) still holds here. That is,
Thus by the induction assumption, we obtain
Here H 1 andP 1 are the same as those in the proof of Proposition 5.2.
Similar to previous proofs, we know that λ j ≤ i 1 ≤ λ j+1 − 1 for some 1 ≤ j ≤ q. By Proposition 5.2, 5.3, 5.4 and 5.5, we obtain
The reason why we use n−1 n in (5.8) instead of n−ε n is the following: if C is hyperelliptic, then as we have seen before, either
Therefore, we can always take ε = 1 when applying Proposition 5.2 or 5.3. If C is non-hyperelliptic, then deg(Z H λq | C ) ≥ 2 so that we can take ε = 1 when applying Proposition 5.4.
which, together with (5.8), implies that
Combine (5.6), (5.7) and (5.9) together. Apply Proposition 4.2. It follows that
Using the same technique as in the proof of Proposition 5.2, it is easy to check that
6. Proof of Theorem 1.6
With Theorem 5.1, we can easily prove Theorem 1.6.
Theorem 6.1 (Theorem 1.6). Let f : X → Y be a fibration between two normal varieties X and Y with dim X = n ≥ 2 and with general fiber C a smooth curve of genus g ≥ 2. Fix a base-point-free linear system |H| on Y with H n−1 > 0. Let L be a nef and numerically f -special divisor on X with
Here X H = f * H is viewed as a subvariety of X.
and we will obtain the inequality (2) . If L − f * H is pseudo-effective, in order to apply Theorem 5.1, we consider the following diagram:
where π X : X ′ → X and π Y : Y ′ → Y are respectively resolution of singularities of X and Y , and f ′ is the induced fibration by f . Let
For simplicity, we still use C to denote a general fiber of C. Notice that here L ′ is a Q-divisor in general. Replacing X ′ by an appropriate blowing up, we may assume that
where Z ≥ 0, |M | is base point free, and
It is easy to see that
Thus by Theorem 5.1, we obtain
Here ε = To finish the whole proof, notice that we have
by Definition 4.1. Hence the proof is completed.
Continuous rank over abelian varieties
In this section, we study some basic properties of the continuous rank of divisors and coherent sheaves.
Suppose that a : X → A is a nontrivial morphism from a normal variety X to an abelian variety A. For any coherent sheaf E on X, similar to Definition 1.1, we define
For any divisor L on X, we have
by Definition 1.1. It is very easy to deduce from the above definition that for any α ∈ Pic 0 (A), we always have
We have the following commutative diagram:
We have the following proposition.
Proposition 7.1. Suppose that a : X → A is a nontrivial morphism from a normal variety X to an abelian variety A of dimension m such that a(X) generates A. Then for any coherent sheaf E on X,
Proof. By the projection formula, we know that for any k > 0,
where T k is the set of all k-torsion elements in Pic 0 (A). Consider the following subset of T k :
By the semi-continuity theorem, all these S k lie in a proper subvariety of Pic 0 (A), which implies that
As a result, we deduce that
From the above proposition, we obtain the following result which says that the continuous rank behaves well underétale covers.
Proof. By Proposition 7.1, for any fixed k > 0, we have
Thus the result holds.
Proof of main results
In this section, we prove the main results of this paper.
8.1. Relative Clifford inequality. Let f : X → Y be a fibration between normal varieties X and Y with general fiber C a smooth curve of genus g ≥ 2. Assume that dim X = n ≥ 2. Let b : Y → A be a nontrivial map from Y to an abelian variety. Then we have the following commutative diagram:
We have the following easy lemma.
The equality holds when a is the Albanese map of Y .
Thus the proof is completed. When a is the Albanese map of Y , Pic 0 (A) = Pic 0 (Y ). Thus the equality follows simply from the definition.
Theorem 8.2 (Theorem 1.3).
Suppose that Y is of maximal Albanese dimension. Let L be a nef and numerically f -special divisor on X with
Here ε = 
with A the Albanese variety of Y and dim A ≥ n − 1. Since f is surjective, a(X) generates A. Hence by Lemma 8.1, it suffices to prove that
Without loss of the generality, we assume that h 0
For any k > 0, consider the following commutative diagram
A, and they are both irreducible. Notice that here deg
Fix a sufficiently ample divisor G on A. Write
We may assume that each |H [k] | is base point free. The ampleness of G guarantees that H n−1
[k] > 0. Notice that by [9, Chapter 2, Proposition 3.5], we have
is also pseudo-effective. Moreover, for any 1 ≤ m ≤ n − 1, we deduce from (8.1) that
This implies that
). It follows from the above equality that
Take the limit as k → ∞. Then the proof in this case is completed.
is effective. Using the above argument verbatim, we deduce that
Notice that by Proposition 7.2,
Combine the above results, and it follows from (8.1) that
Thus the result follows after taking k → ∞.
Volume inequality.
Let X be an n-dimensional minimal variety of general type. Assume that the Albanese map alb X : X → A induces a fibration f : X → Y of curves of genus g ≥ 2 with Y normal of dimension n − 1.
Theorem 8.3 (Theorem 1.1).
Under the above assumption, we have
Proof. Notice that Y is of maximal Albanese dimension. Since K X is nef and
On the other hand, it is known that ω X has the generic vanishing property. More precisely, in this case, by the generic vanishing theorem [22] of GreenLazarsfeld for varieties with rational singularities (see also [23] ), for any general member α ∈ Pic 0 (X) = Pic 0 (A),
Thus we deduce that for the above α,
Therefore, the proof is completed.
8.3. Slope inequality. In this subsection, we prove the slope inequality.
Theorem 8.4 (Theorem 1.5). Let f : X → Y be a semi-stable fibration of curves from a normal variety X of dimension n ≥ 2 to a smooth variety Y of dimension n − 1 with a general fiber C of genus g ≥ 2. Suppose that K X/Y is nef. Then the inequality
holds if there is a finite morphism Z → Y where Z is either an abelian variety or a smooth toric Fano variety. Moreover, if Y itself is an abelian variety, then the semi-stability assumption on f can be dropped.
Proof. Since f is semi-stable and Y is smooth, by [45, Proposition 2] , f is flat. Consider the following base change
where π : Z → Y is as in the assumption and X ′ = X × Y Z. Apply [45, Proposition 2] again. We deduce that f ′ is also flat and semi-stable, and X ′ is normal with rational singularities. By [14, Theorem 3.5.1, 3.6.1], we have
The key fact is that
It is now clear that to prove the theorem, it suffices to assume that Z = Y and f ′ = f . In the following, we will assume that Y is an abelian variety or a smooth toric Fano variety. Case 1. First, suppose that Y is an abelian variety. Then K X/Y = K X and ω X/Y = ω X . By Theorem 8.2, we obtain
where α is a general member in Pic 0 (Y ). On the other hand, it is know that f * ω X is a generic vanishing sheaf on Y (see [24] for instance). In particular,
Therefore, combine with the Hirzebruch-Riemann-Roch theorem on abelian varieties, and we deduce that
The proof is completed. Moreover, if the variety Y in the theorem is already an abelian variety, then we no longer need to make the base change as in the beginning of the proof. Instead, we just apply Theorem 8.2 directly together with the Hirzebruch-Riemann-Roch theorem to deduce the slope inequality as above. Notice that the flatness and the semi-stability are not required in the case.
Case 2. From now on, suppose that Y is a smooth toric Fano variety. Then it is well-known that Y admits a nontrivial polarized endomorphism (see [20] for more details). To be more precise, there is a finite morphism µ : Y → Y and an ample divisor H on Y such that µ * H ≡ qH where q > 1 is an integer.
For any integer k > 0, denote by µ k : Y → Y the k th iteration of µ. Consider the following commutative diagram:
Similar to the proof at the beginning, for any k, X (k) are normal with rational singularities. We still have
By taking tensor powers, we may assume that H is very ample. We apply Theorem 6.1 to the triple (X (k) , H, K X (k) /Y ). Using a similar limiting argument as in the proof of Theorem 8.2, we deduce that
when k is sufficiently large. Therefore, to finish the proof, we only need to prove that
In fact, since ω −1 Y is ample, by the vanishing theorem of Kollár [31, Theorem 2.1] and the fact that X (k) has at worst rational singularities, we deduce that
Thus it follows from the Hirzebruch-Riemann-Roch theorem that
where T j is the j th Todd class of Y . Then we only need to prove that
for any j ≥ 1 when k is sufficiently large. Recall that the Chow ring of smooth toric varieties is generated by divisor classes (see [16, §12.5 ] for details). As cycle classes, we may view both ch n−1−j (f (k) * ω X (k) /Y ) and T j as linear combinations of complete intersections of divisors, thus linear combinations of complete intersections of very ample divisors on Y . Notice that we still have
here. To prove the above estimate, it is enough to prove that for any n − 1 very ample divisors A 1 , . . . , A n−1 on Y ,
This is easy to check. By taking tensor powers, we may assume that H − A i is effective for 1 ≤ i ≤ j. Then
Thus the estimate is proved and then the whole proof is completed.
Examples and further remarks
In a communication to us, Hu [26] provided an interesting construction of a 3-fold X of general type with vol(K X ) = 26 5 χ(X, ω X ) whose Albanese map is a fibration of curves of genus 2 over an abelian surface. In this section (except Section 9.5), we provide a general construction completely based on Hu's idea in dimension three. Among others, all examples in this section show the following:
(1) To guarantee the inequality that K n X ≥ n!χ(X, ω X ) in Theorem 1.1, the genus g of the Albanese fiber cannot be too small. In particular, if n = 3, then g cannot be two. (2) In Theorem 1.3, the number ε cannot equal one always, and the nefness assumption on L is crucial.
The ratio K n X /χ(ω X ) is unbounded from above. Throughout this section, we assume that g, n ≥ 2 are integers.
9.1. The construction. Let A be an abelian variety of dimension n − 1. Fix a very ample divisor D on A. Let Y = P(O A ⊕ O A (−2D)) be the P 1 -bundle over A, and let H be the effective hyperplane divisor associated to O Y (1). We denote by p : Y → A the canonical projection.
Notice that the linear system |H + 2p * D| is base point free, and we have O H (H +2p * D) = O H . By Bertini's theorem, we can choose a smooth divisor H ′ ∈ |(2g + 1)(H + 2p * D)| such that H ′ and H have no intersection with each other. Let π : X → Y be the double cover branched along H and H ′ . Then the induced map f = p • π : X → A is a fibration of curves of genus g, because a general fiber of f is a double cover of P 1 ramified along (2g + 2) points. From the double cover formula, we have
Here ≡ means linear equivalence. Therefore, K X is ample. Since the branch locus is smooth, we conclude that X is smooth. This construction will be used throughout this section.
9.2. Canonical invariants. In the following, we compute the canonical invariants of X.
Lemma 9.1. In the above example, we have
Proof. We first compute χ(X, ω X ). By the projection formula, we have
Therefore, it follows that
Hence the equality for χ(X, ω X ) is verified. To compute K n X , from (9.1), we have
Using the fact that O H (H) = O H (−2p * D) and H n = (−2D) n−1 , we deduce that
Hence the proof is completed by combining the above two equalities.
Proposition 9.2. In the above example, if n = 2, then
Proof. Notice that when n = 2, we have χ(X, ω X ) = g 2 deg D and K 2 X = 4g(g − 1) deg D by Lemma 9.1. Hence the result follows.
In other words, the inequality (1.2) becomes an equality for the example here. Unfortunately, when n > 2, the relation between K n X and χ(X, ω X ) from this construction will be gradually away from some very plausible expectations. Proposition 9.3. In the above example, if n ≥ 3 and g ≤ n+1 2 , then K n X < n!χ(X, ω X ).
Proof. By Lemma 9.1, we only need to check that
when n ≥ 2g − 1, and this is clear.
Remark 9.1. If we set g = 2 and n = 3, then we obtain the example by Hu in [26] . From these examples, we also discover that the inequality
does not hold under the setting of Theorem 1.1 for any n > 2.
9.3. Remark on the number ε in Theorem 1.3. Go back to the construction in Section 9.1. As H is contained in the branch locus, we see that π * H = 2M where M is a section of f : X → A. Moreover, as
we deduce that the divisor f * D + M is nef, which we will denote by L.
Proposition 9.4. With the above notation, and let n = 2. Then
In particular, when d is odd,
Proof. The first formula is straightforward, because we simply have
Let C be a general fiber of f . Then C is hyperelliptic and 2M | C is a g 1 2 on C. Suppose that d is odd. Then we deduce that M has to be contained in the fixed part |O X (dL) ⊗ f * α| for any α ∈ Pic 0 (A). By the projection formula, if we let d − 1 = 2e and α be general, then
If d is even, similar to the above calculation, we have
The proof is completed. It is not difficult to generalize the above calculation to any dimension.
Proposition 9.5. With the above notation, and let n > 2. Then
Proof. Let α be a general element in Pic 0 (A). Similar to the proof in Proposition 9.4, when d is odd, we have
In the last step of the above, we have intrinsically used the Kodaira vanishing theorem. A similar calculation will give the formula for d even.
On the other hand, since (H + 2p * D) n = 2 n−1 D n−1 , we have
Remark 9.3. In Proposition 9.5, when d = 1, we have
This means that at least for this particular case, we have to take ε = 1 2 in Theorem 1.3. In the case when d = 2, we get
). This implies that the inequality in Corollary 1.4 is sharp.
Remark 9.4. From Proposition 9.5, it is easy to see that
In other words, it implies that for any general (in fact, any nonzero) α ∈ Pic 0 (A), we always have the following decomposition of linear systems
on X, where 2M is the fixed part of |O X (2L) ⊗ f * α|. In particular, the moving part of |O X (2L) ⊗ f * α| is not f -big. Notice that in this case, the linear system |2L| itself is even base point free! 9.4. Remark on the nefness assumption in Theorem 1.3. We keep using the setting in Section 9.3. That is, let π * H = 2M where M is a section of f : X → A. Now we consider another divisor
where 2 ≤ d ≤ 2g−2. From (9.1), we deduce that K X −L is (linear equivalent to) an effective divisor. Moreover, L is not nef, because 2L = π * (2p * D+dH) and 2p * D + dH is not nef on Y . Also, it is easy to see that for any integer
where 2(d − 1)mM is the fixed part of |2mL|. This implies that
We may consider another divisor
is also effective but L ′ is not nef. Similar to the above example, we deduce that
In both examples, the divisor L and L ′ on X violate the inequality in Theorem 1.3 due to their non-nefness. 9.5. Unboundedness of K n X /χ(ω X ) from above. In this subsection, let Y = Z × P 1 be the trivial P 1 -bundle over Z. Instead of an abelian variety, here we assume that Z is a normal and minimal variety of general type and of maximal Albanese dimension with dim Z = n − 1. Denote by p 1 and p 2 the two natural projections from Y to Z and P 1 , respectively.
Pick any nef and big divisor L 1 on Z with |L 1 | base point free, and also pick any effective divisor L 2 on P 1 of degree g + 1. Let π : X → Y be the double cover branched along an divisor H on Y , where H ∈ |2p * 1 L 1 + 2p * 2 L 2 |. Similar to the previous example, it is easy to show that X is of general type.
We claim that p 2 • π : X → Z is just the fibration of genus g curves induced by the Albanese map of X. To show this, we only need to prove that
This is straightforward, because by the projection formula, we have
by the Kawamata-Viehweg vanishing theorem, our claim holds.
Similar to the previous calculation, it is easy to show that
In the meantime, we also have
Here we use the fact that χ(Z, ω Z ) ≥ 0 (see [19] for example). However, by a very recent result of Barja-Pardini-Stoppino [6, Example 8.4 and 8.5], when n − 1 ≥ 3, the ratio (
) can be arbitrarily large.
Proof of Corollary 1.4
In this section, we will give a proof of Corollary 1.4. Resume the notation in Theorem 1.3. Suppose from now that 
by its tensor with a *
[k] α, where α ∈ Pic 0 (A) is general. Notice that we have
Let G ≥ 0 be a sufficiently ample divisor on A and let
As the main result in this step, we claim that
)) > 0 when k is sufficiently large.
To prove this, it is enough to prove that
In fact, it is easy to see that the complete linear system |H [k] | defines a generically finite morphism on Y [k] , since the sub-linear system b * [k] |G| has already defined a generically finite morphism. Therefore, we have
Thus the proof of the claim is completed. Consider the rational map
defined by the complete linear system |L [k] |. Then the above claim implies that a [k] must factor through φ L [k] . In particular,
The proof will be divided to two cases subject to this dimension. In the following, by abuse of the notation, we denote also by C a general fiber of f [k] , because it is isomorphic to a general fiber of f . α is globally generated and
Since b [k] is generically finite, by [5, Main Theorem (c)], we have
On the other hand, notice that deg(Z| C ) = d = 2. We deduce that
i.e.,
As a result, we obtain that
Finally, the claim in the previous subsection actually implies that M is also big, because N for a divisor N on Σ.
Recall that a [k] factors through φ L [k] . We write c : Σ → A such that
. Then c * : Pic 0 (A) → Pic 0 (Σ) is injective. Similar to the previous case, we may also assume that up to tensoring with a general α ∈ Pic 0 (a), we have
Thus it follows that
i.e., N n ≤ (n − 1)!h 0 c (Σ, O Σ (N )). By Bertini's theorem, we choose a smooth subvariety W ∈ |N | of dimension n − 1 on Σ. Then c * : Pic 0 (A) → Pic 0 (W ) is also injective. In fact, we have proved that Σ is birational to a P 1 -bundle and W has degree one when restricted on a general fiber of this P 1 -bundle. With all these notation, we has to separate any two general fibers of f [k] , because φ L [k] has already induced a double cover on each general fiber. As a result, we deduce that not only a [k] , but also f [k] should factor through φ L [k] , i.e., we have the following commutative diagram
' ' P P P P P P P P P P P P P P P
As ι is birational, we know that b [k] is also birational, so is b. This completes the whole proof of Corollary 1.4. Suppose that the equality holds for L and h 0 f (X, O X (L)) > 0 (or equivalently, L is big). Then d = 1 and Y is birational to an abelian variety of dimension n − 1.
The proof is almost the same as Case I in the proof of Corollary 1.4. The inequality itself is directly by Theorem 1.3. If the equality holds, then d = 1 is straightforward, and it implies that dim φ L [k] (X [k] ) = n − 1 when k is sufficiently large. Therefore, the proof of Case I applies here almost identically, and the only essential modification we need to make is to set deg(Z| C ) = d = 1 accordingly. We leave the proof to the interested reader.
A question of Reid's type for irregular varieties
We would like to end this paper by raising the following question regarding the geography of irregular varieties of general type and of non-maximal Albanese dimension.
Question 11.1. Let n > 1 be an integer. For any fixed integer 0 < k < n, is there a sequence of rational numbers {a k,m } m∈N with the following three properties?
(i) 0 < a k,1 < a k,2 < · · · ; (ii) lim m→∞ a k,m = 2(k + 1)!; (iii) For every smooth n-dimensional variety X of general type and of Albanese dimension k, if vol(K X ) < a k,m χ(X, ω X ), then a general Albanese fiber of X has volume at most m.
It is clear that Question 11.1 is an analogue of Reid's conjecture in [42] for irregular varieties in any dimension. The main difference is that we can add in here the information about the Albanese dimension of X to make the question look a bit more elaborate.
The following is a list of results known to us towards this question by far:
(1) The inequality (1.2) by Horikawa [25] , Persson [41] and Xiao [46] provides an affirmative answer for n = 2 (where k = 1); (2) Theorem 1.2 is an affirmative answer for n = 3 (where k = 1 or 2); (3) Theorem 1.1 is an affirmative answer when k = n − 1. It should be interesting to investigate this question in more cases.
